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ABSTRACT: This article is concerned with the analysis of blood flow through arterial catheterization (widening of 

arteries by a balloon in the presence of mild stenosis), when blood is represented by MHD Newtonian fluid. A uniform 

magnetic field is applied perpendicular to the porous artery. A mathematical model is developed and analyzed by using 
appropriate mathematical techniques.  Analytical expressions are obtained for axial velocity, flow rate, wall shear stress, 

and apparent viscosity and their variations with different flow parameters are illustrated in figures. In this confined 

annular region, the behavior of these flow variables has been explored. Its worth noting that, due to the introduction of 

an axial slip, velocity and flow rate will increase on one hand while wall shear stress and apparent viscosity will 

decrease on the other.The effects of stenosis and tapering are discussed. The study of the above model is very 

significant as it has direct applications in the treatment of cardiovascular diseases. 
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I. INTRODUCTION 

 
The study of blood flow through tapered tubes is important not only for an understanding of the flow behavior of the 

marvelous body fluid in arteries, but also for the design of prosthetic blood vessels ( How and black,1987).  It is 

reported that under certain diseased conditions, an abnormal and unfamiliar growth is developed at the lumen of an 

artery. This is usually termed as stenosis which is a kind of CVS disease, called atherosclerosis. This unwanted growth 

and its presence at one or more locations in blood vessels, causes serious circularatory disorders due to the reduction of 

blood supply to different organs and tissues or occlusion of an artery (Young 1970, Caro 1973). As stenosis develops 

through stages mild, moderate and severe, there arise complications in the body due to artery block partially or wholly 

or completely cut off of blood supply or fully scaled off of an artery. This results in different cvs diseases like, 

myocardial infarction, heart block, stroke, coronary thrombosis etc. (Boyd 1963, Guyton 1970, Puniyani and Nimi 

1998, Dintenfass 1981, Biswas 2000). Apart from this, sometimes for medical point of view and, for clinical and 

subclinical purposes, artificial catheters are inserted in uniform and stenosed arteries. Pressure-flow relationship 

changes for blood flow through a stenosed artery and it will aggravate with the insertion of a catheter in the stenotic 
region as it will further increases the impedance or resistance to flow, alter the pressure distribution (Biswas and 

Bhattacherjee 2003, Biswas and Chakraborty 2010). It seems important to examine blood flow through stenosed artery 

and catheterized constricted artery. It is indicated that hydrodynamic factors could play an important role in the 

formation, development and progression of an arterial stenosis ( Young and Tsai, 1979; caro,1971). 

 

Sometimes for many useful medical and clinical purposes, artificial catheters are inserted in stenosed arteries. The 

pressure-flow relationship alters considerably due to the presence of a flexible catheter in the constricted region of an 

artery as this will lead to further enhancement of the impedance or frictional resistance to flow as well as will alter the 

pressure distribution (Young and Tsai,1979); Biswas and Nath,1999). Study of blood flow in the annular region of a 

mammalian artery has already drawn a good deal of interest and attention, among the researchers. In view of its 

potential physiological significance and a lot of clinical applications. It may be worth mentioning that in certain flow 
situations, physiological fluid blood may behave as a Newtonian fluid (Schlichting, 1968). The laminar flow of a 
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Newtonian fluid through an annulus has been dealt in (Yuan, 1969). The annular blood flow in a catheterized stenosed 

uniform artery has been investigated in (Young and Tsai, 1979; Biswas and Nath,1999; Jayaraman and Tewari, 1995; 

Biswas and Bhattacherjee,2003). Recently blood flow in tapered vessels with the presence of a stenosis is modeled  

(Liu et al., 2004). 
 

In recent years, theoretical, numerical and experimental investigations (Biswas,2000; Fung,1981; Forrester and 

Young,1970; Liu et al.,2004;How and Black,1987) have been performed to analyze blood flow in arteries. The 

complex geometry of arteries (viz. bending, bifurcating, branching, tapering, discrete etc.) is also an important factor 

which obviously affects the local hemodynamic (Guyton, 1970; Puniyani and Niimi,1998). The relationship between 

flow in arteries, particularly the wall shear stress, and the sites where atherosclerosis develops has motivated much of 

the research on arterial flow in recent decades. It is now well accepted that the sites where shear stresses are low or 

change rapidly in time or space, that are most vulnerable. These conditions are likely to prevail at places where the 

vessel is curved, bifurcated, has a junction, a side branch or other sudden change in flow geometry 9Berger and 

Jou,2000). There is no doubt that tapering in arteries, is a significant aspect of mammalian arterial system and the 

formation of stenosis along the tapered wall, may alter the flow situation to a great extent. In view of the above 
considerations, we are interested to study the steady annular flow of blood through a catheterized tapered vessel with 

stenosis. In this case, blood is taken as a Newtonian fluid and an axial slip velocity is introduced at the stenotic wall of 

the tapered artery. 

 

II. MATHEMATICAL FORMULATION 
 

Flow Geometry and Co-ordinate system: 

Figure 1 depicts the flow geometry of stenosis inserted Catheterized artery for the steady flow of an incompressible 

Newtonian fluid in an annular region between a constricted  tube of undisturbed radius R0 and a co-axial uniform 

circular pipe of radius kR0 (k<<1). 

 

Let (𝑟, 𝜃, 𝑥) be the cylindrical polar coordinate system with 𝑟 = 0 as the axis of symmetry of the tube. Consider the 

flow of an incompressible magnetohydrodynamic (MHD) Newtonian fluid of constant viscosity µ and density ρ 

through coaxial tubes such that the outer tube with an axially non-symmetric but radially symmetric mild stenosis 

having length L and the inner tube have a balloon (angioplasty) on its wall and assume that the balloon model is axi-

symmetric in nature and u and w are the velocity component in r and z directions, respectively. The stenosed wall and 

the Catheter model are defined by the functions ℎ(𝑧) and 𝑅(𝑧) respectively. The geometry of the stenosis is defined as 

Mekheimer and El Kot [23] 

 

ℎ(𝑧) = 𝑑(𝑧)[1 − 5(𝑏𝑛−1(𝑧 − 𝑎) − (𝑧 − 𝑎)𝑛)], 𝑎 ≤ 𝑧 ≤ 𝑎 + 𝑏 

 

= (𝑧), otherwise (1) 

 

with (𝑥) = 𝑑0 + s𝑧, where (𝑧) is the radius of the tapered arterial segment in the stenotic region, 𝑑0 is the radius of the 

non-tapered artery in the non-stenotic region, is the tapering parameter, 𝑏 is the length of the stenosis, (≥ 2) is a 

parameter determining the shape of the constriction profile and referred to as the shape parameter (the symmetric 

stenosis occurs for 𝑛 = 2) and a indicates its location. 

 
The geometry of the catheter is defined as Mekheimer and El Kot [14] 

 

(𝑧) = 𝑑0[𝑘 + ð2exp(−𝜋2(𝑧 − 𝑧𝑑 − 0.5)2], 𝑎 ≤ 𝑧 ≤ 𝑎 + 𝑏 

 

= 𝑘𝑑0,    otherwise (2) 
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1. Governing Equations and boundary conditions: 

Let us consider a steady, Laminar flow of blood through an axially non symmetric but radially symmetric stenosed 

artery - a circular tube with a catheter of radius kR0 (k<<1) co-axial to it and one-dimensional flow obeying the 

constitutive equation for a Newtonian fluid. Fluid velocity vector has the form (0,0, ( ))V u r in cylindrical polar 

system ( , , )r z representing the radial, circumferential and axial coordinate respectively. The equations of motion 

governing the fluid flow in ( , , )r z  coordinate system (schlichting, 1968) are written as follows 

 

0,
p

r





             (3.1) 

0,   
p







         (3.2) 

. =
u p

r
r r r z

    
 

   
        (3.3) 

 

Where  ru u denotes the axial velocity,   is the viscosity of blood and p the pressure. 

As a result of equation (3-5), the governing equation of fluid flow is given by 

 

0 ( ). =0 ,      R zC r kR r
r r r

  
 
 


 

 
 

     (3.4) 

 

 , is the pressure gradient.where 
dp

C
dz


 

In order to study the annular flow of blood between the stenotic wall and a catheterized tapered artery, we shall 

consider the following cases: 
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2. Boundary Conditions: 
The boundary conditions for the present problem are given by 

 

( )  at r=R(z)su r u  

                                                     0( ) 0 at r=kRu r                                                   (3.1) 

 

Where us is the axial velocity slip at the stenotic wall (Biswas,2000) 
 

3. Solutions of the problem: 

The general integral of equation (3.4) is obtained as  

 

                       

2

0u(r)+ ln ,               ( )
4

cr
B A r kR r R z


                                      (4.1) 

 

Where A and B are constants of integrarion. As a result of applying condition (3.1) in equation (4.1) the expression for 

velocity function becomes  

 

    2 22 20

0 0 0

0

ln

u(r) ( ) , ( )
4 4( )

ln

s

r

kRC c
kR r u R z kR kR r R z

R z

kR

 

 
 

               
 
 

  (4.2) 

 

The rate of flow for the steady, incompressible and laminar flow is obtained by integrating the quantity 

 

0

( )

Q 2 ( )

R z

r kR

ru r dr


    which becomes with the help of the equation         (4.2) 

     
    2 2

2 2
02 4 20

0

0 0

( )( ( )) ( )
( ) ( )

8( ) ( )
2ln ln

s

R z kRR z kR c
Q u R z R z kR

R z R z

kR kR






   
          
      
      

      

(4.3) 

 

Expression for wall stress is defined by  

 

                
( ) ( )

( )
]R z r R z

u r

r
  


 


                                                           (4.4) 

 

 

 

 

 

Which becomes with the help of equation (4.2) 
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    2 2

( ) 0

0

( ) ( )
( )

2 4( )
ln

R z s

cR z cR z
u R z kR

R z

kR






 
       

 
 

            (4.5) 

 

Apparent viscosity can be computed with the help of formula 

 

 
4

( )

8
a

c R z

Q


   

 

Where Q has the representation in equation (4.3) 

Thus with the help of equation (4.3), we get 

 

 

2
2

0
0

4

0

2

0 0

11
( )( )8 1

1
( )( ) ( )( )

2ln ln

s
a

kRkR
R zR zu kR

R zR z R zc R z

kR kR




                                      
              

(4.6) 

 

The non dimensional form of the flow variables and flow geometry can be expressed by using the following non-

dimensional variables: 

 

2 4

0 0
0 0

0 0

( )
( )s 0 a

0 0 0 0 0

( )
,    = ,u ,   Q

4 8

,u , , , ,

s
s

R zs a
R z

R z cR cR
R

R R

Q u r kR
Q r kR

Q u R R

 


 

 
 

 

  

     

 

Velocity function:  

           

   
 

       
2 2 22 0

0 0 0

0
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, ,(4.7)
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 
 
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       
 
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Flow Rate: 

  
   

 
    

     
2 2

22
02 4 40

0

00

2 ,(4.8)
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ln2ln

s

R z kRR z kR
Q u R z R z kR

R z R z

kRkR

   
          
      
      

       
 

Wall shear stress:  

    
2 2

( ) 0

0

1
( ) ( ) ,(2.9)

( )
2 ( ) ln

R z sR z u R z kR
R z

R z
kR

     
   

 
 

 

Apparent viscosity: 

 

1
2

2

0
0

4

0

2

0 0
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( )( )2

1 1 ,(2.10)
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

                                 
        
                 
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III. CONCLUSION 

 

In the present paper, steady flow of blood (a Newtonian fluid) through a catheterized stenosed artery subject to the 

condition of slip at the interface of fluids layers with mild asymmetric stenosis, velocity slip and zero-slip at the 

catheter and at the tube wall, has been investigated. Here three gradual advances of an abnormal growth (symmetric n = 

2, n   2) and lumen of an artery cases of a slip and no-slip at interface and a catheter boundary are dealt with.  

 

        It may be worth mentioning that by employing a velocity slip at interface, wall shear stress may be reduced to a 

considerable extent that in term will help in reducing damage or rupture to the arterial endothelium. Also the reduction 

in wall shear stress enhancement in velocity and flow rate as a result of introducing at the axial velocity at the slip at 
interface, may be exploited for better functioning of the diseased arterial system and pressure flow-relationship in a 

uniform stenosed artery. Hence one may look forward for such device (drugs or tools) which could produce slip and 

used them for treatment and cure of PPL and arterial diseases as well as for rupture or damage to the arterial 

endothelium. Further the existing experimental work on blood flow through stenosed vessels, consider only pressure 

drop. It could be a matter of interest and important to determine the wall shear stress slip at interface in two-layered 

flow, velocity and flow rate etc. in the stenosed flow as well in the annular flow in a catheterized stenosed artery. Such 

investigation may be useful in determining the growth, development and progression of an arterial stenosis and 

investigating the pressure-flow relations and the behaviour of flow variables in the two-layered annular region caused 

by the invention of a catheter in an arterial stenosis and that in turn may be useful for better understanding of stenotic 

and arterial diseases like angina, pectoris, myocardial infarction, stroke, thrombosis and Hbss etc. 
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